
Chaos, Solitons and Fractals 158 (2022) 111911 

Contents lists available at ScienceDirect 

Chaos, Solitons and Fractals 

Nonlinear Science, and Nonequilibrium and Complex Phenomena 

journal homepage: www.elsevier.com/locate/chaos 

Risk-taking in social Parrondo’s games can lead to Simpson’s paradox 

Joel Weijia Lai, Kang Hao Cheong 

∗

Science, Mathematics and Technology Cluster, Singapore University of Technology and Design (SUTD), 8 Somapah Road, Singapore 487372, Singapore 

a r t i c l e i n f o 

Article history: 

Received 26 November 2021 

Revised 31 January 2022 

Accepted 10 February 2022 

Keywords: 

Parrondo’s paradox 

Simpson’s paradox 

Social dynamics 

Networks 

a b s t r a c t 

Parrondo’s paradox (inspired by the flashing Brownian ratchet) and Simpson’s paradox (a statistical phe- 

nomenon) are two popular paradoxes that have attracted immense interest across many fields ranging 

from decision theory, evolutionary biology to social dynamics. In this article, we show that risk-taking 

behaviour through aggregate decision-making on Parrondo’s games can lead to the emergence of Simp- 

son’s paradox. By partitioning the network of individuals according to risk-taking behaviours, we show 

that it is possible that the trend of capital losses from playing Parrondo’s games reverses when these 

groups are combined—the signature of Simpson’s paradox. This work reports on the emergence of the 

double paradox on a scale-free network and a social network, with the potential to uncover such in- 

stances in other social settings as well. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Two coin toss games, each resulting in expected loss. Both 

ames individually result in loss of capital over discrete time. How- 

ver, when both games are played in combination, it results in 

 gain of capital. Such a phenomenon is known as Parrondo’s 

aradox. Extensive research has gone into resolving this para- 

ox and further research reveals underlying real-world applica- 

ions across many different fields. Some examples include, in in- 

ormation theory where random mixing of two random sequences 

reates autocorrelation [1] , in biological and ecological systems 

here species adopt various survival strategies resulting in popu- 

ation growth [2,3] , epidemiology [4] , as well as in quantum in- 

ormation [5–7] and quantum systems where quantum random 

alks has potential use for encryption [8] . Parrondo’s paradox is 

lso known to emerge when considering periodic switching be- 

ween forms of the Stuart-Landau equation leading to antireso- 

ance of unstable modes [9] , in the study of chaos [10,11] , and

n other instances of synchronisation in network dynamics [12] . 

hese studies, especially in its emerging application in complex 

ystems, have thrusted Parrondo’s paradox beyond simple coin- 

ossing games. Parrondo’s paradox gave rise to an emerging field 

eading to diverse research of this paradoxical phenomena in net- 

ork settings [13–16] and social dynamics [17] . The dynamics of 

uch systems can be extremely complex due to their high dimen- 

ionality and inter-connectivity between individuals. At the fore- 

ront of this research is the applicability of complex computational 
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odelling to sociodynamical phenomena [18] . The use of networks 

as been useful as a model as it fulfils the desired complexity re- 

uired in most mathematical modelling of social structures [19] . 

Consider two losing games, A and B. The player starts with c 0 
nits of capital. In game A, the player tosses a biased coin A and 

ins (or loses) 1 unit of capital depending on the outcome of 

he biased coin. The probability of winning is p = 1 / 2 − ε, where

 < ε � 1 ; game A is a losing game because the expected capi- 

al of the player will decrease as a function of coin tosses at each 

iscrete time t . The second game, game B, is played with two bi- 

sed coins. The player tosses biased coin B 1 if one’s capital is not 

 multiple of three; otherwise biased coin B 2 is tossed. The proba- 

ility of winning with coin B 1 is p 1 = 3 / 4 − ε and with coin B 2 is

p 2 = 1 / 10 − ε. Coin B 1 is a “good” coin because the probability of

inning is high, for the contrasting reason, coin B 2 is a “bad” coin. 

imilarly, the player wins (or loses) 1 unit of capital depending on 

he outcome of the coin tossed. While not immediately apparent, 

ame B is also a losing game [20–22] . 

The seminal capital-dependent Parrondo’s game is designed to 

e played randomly by an individual. However, consider the case 

ith more players (forming a social network) are introduced to 

he game, each with their own starting capital. The outcome will 

imply scale with the number of players as the capital-dependent 

ames are not dependent on the number of players but only on 

ach player’s capital. The complexity of the game can be modified 

o introduce social interaction between the players, these are im- 

osed through restrictions or rules on the social network. In more 

omplex situations, the gain in net capital across the entire group 

s not clear anymore. This enhanced social construct adds complex- 

ty to the game and the decision-making process. Moreover, the 

https://doi.org/10.1016/j.chaos.2022.111911
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2022.111911&domain=pdf
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utcome of the game changes with how and who makes the de- 

ision and the rules applied to the group, we call this Preference 

ggregation Parrondo’s paradox [17] . 

As an extension of the capital-dependent Parrondo’s game, we 

ntroduce the Preference aggregation Parrondo’s paradox which 

akes use of social dynamical principles to model the playing of 

arrondo’s paradox on a social network. Added complexity intro- 

uced through preference aggregation leads to the possibility of 

he emergence of Simpson’s paradox. Simpson’s paradox is a phe- 

omenon in statistics in which trends in several groups of data re- 

erses when the groups are combined [23–25] . The phenomenon 

as been observed in several examples that include a study of gen- 

er bias among graduate school admissions to University of Califor- 

ia Berkeley, a real-life medical study comparing the success rates 

f two treatments for kidney stones, and the batting averages of 

layers in professional baseball. Simpson’s paradox often manifests 

tself in social science which may skew interpretation of data and 

erived implications for decision-making. 

We introduce a network of individuals, each with varying de- 

ree of risk-taking behaviour—“Cautious”, “Risk-taker” and “Reck- 

ess” and their response to playing preference aggregation Par- 

ondo’s games will result in the emergence of Parrondo’s para- 

ox and Simpson’s paradox. Risk-taking behaviour is a multi- 

imensional facet that have been studied across a wide range of 

omains [26–28] . As a result, there is no single definitive agree- 

ent for how risk-taking behaviour should be modelled. However, 

t is generally accepted that decision-making processes taken un- 

er risk are often nonlinear and probabilistic [29,30] . For the pur- 

ose of this article, we are modelling it through a risk-taking fac- 

or β , the aggregation rule f , the decision rule g and the feedback. 

onsiderations for nonlinear and probabilistic decision-making un- 

er risk are accounted in the construct of our model, using prefer- 

nce aggregation Parrondo’s paradox as our framework. Next, we 

ntroduce the preference aggregation model used as a decision- 

aking scheme for playing Parrondo’s games. These schemes are 

odelled according to sociology and social experiments. Lastly, we 

how emergence of Simpson’s paradox and conclude. 

. Methods 

Let N = { 1 , 2 , . . . , n } be a set of individuals, where | N| ≥ 2 .

ach individual i ∈ N is a node in the network and is connected 

o a subset of individuals M ⊆ N\{ i } by edges for an undirected

etwork. Each iteration of the preference aggregation Parrondo’s 

ames involves an aggregate rule, decision rule and feedback. At 

iscrete time t , each individual has a game preference, p (i ) (t) (also 

alled the preference profile), based on Parrondo’s games intro- 

uced in the previous section, where p (i ) = 1 represents a prefer- 

nce for game A and p (i ) = −1 represents a preference for game B.

ach individual is also assigned a risk-factor β ∈ [0 , 1] . The value

f β will subsequently determine the risk-taking behaviour of the 

ndividual when playing preference aggregation Parrondo’s games. 

 bijective, nonlinear mapping between risk-factor and behaviour 

s modelled through the parameter β . In addition to β indicating 

he risk-factor, we take the approach of having the domain of β as- 

igned to each risk-taking behaviour being equal. Furthermore, an 

verlapping region is built in to allow individuals with the same 

to possess different risk-taking behaviour. There are other mod- 

ls [30] that can be used in replacement of the one used here, but 

e have used a simplified mapping for illustrative purpose. In an- 

ther model, Riolo et al. [31] use the tag-based mechanism where 

ndividuals will aggregate the preference only with other individu- 

ls with similar tags. The results from such a model can be found 

n the supplementary information. The aggregate rule is a social 

ule, determined by a mathematical function that takes the pref- 

rence profile of individuals in a social network and assigns an op- 
2 
ion , i.e. f : R 

ν → R , where ν ≤ n ∈ N . The aggregation function f

utputs an option . The decision rule accepts or rejects the option by 

ssigning a decision . If the option is accepted, the decision function 

eturns a boolean output, i.e. g : R → {−1 , 1 } . If g = 1 , then the de-

ision is to play game A, if g = −1 , game B is played. Finally, the

eedback is a final set of rules applied to a subset of the network 

nd modifies the network in preparation for the next iteration. We 

ill model the risk-taking behaviors using the feedback. 

The aggregation rule for i at each discrete time t is 

f (p (i ) ) = 

1 

| M| + 1 

[ 
p (i ) + 

∑ 

j∈ M 

p ( j) 
] 
, (1) 

here j ∈ M ⊆ N\{ i } are nodes connected to node i , | M| is the car-

inality of set M, the size of i ’s connections. Such an aggregate 

ule always ensures that individuals tend to place more weight 

n its own preference, a common phenomenon observed in risk- 

aking [32,33] . The aggregation and decision rules are kept similar 

or the three risk-taking behaviours to ensure that the only factor 

hat affects the change in capital is purely its feedback, which itself 

s modelled according to the various characteristics of risk-taking 

ehaviours. 

The aggregate rule outputs an option which is decided upon by 

he decision rule given by several possible cases: 

i) If p (i ) 
(∑ 

j∈ M 

p ( j) 
)

< 0 and r < exp (−1 / 2 βi ), r ∈ [0 , 1] is a ran-

dom number also known as the acceptance number, then i de- 

cides using the decision rule 

g (i ) = 

{
1 if f (p (i ) ) ≥ 0 

−1 if f (p (i ) ) < 0 

. (2) 

This means that if individual i has a preference opposite to the 

sum of the preferences of its connections and i ’s preference is 

within an acceptable threshold, then i will decide to play Par- 

rondo’s games according to the option provided by the aggre- 

gate rule. This is a simplification of decision-making formerly 

presented in Refs. [34,35] , where individuals decide on an op- 

tion that is within a threshold of acceptance. 

ii) However, if p (i ) 
(∑ 

j∈ M 

p ( j) 
)

> 0 , then i simply chooses to play 

one’s preference. That is 

g (i ) = 

{
1 if p (i ) = 1 

−1 if p (i ) = −1 

. (3) 

ii) Otherwise, if the conditions in (i) and (ii) are not met, because 

the sum of preferences of i ’s connections not within the accept- 

able threshold, then the following decision rule is used 

g (i ) = rand {−1 , 1 } , (4) 

where rand {·} denotes a random choice between the options 

with equal probability. In such cases, i rejects the preference 

aggregation and simply plays a random game. In this article, 

we term this as the universal decision rule. 

We now model the feedback which varies according to β . In- 

ividuals i ∈ N with β ∈ [0 , 10 / 24] are set as “Cautious” individu- 

ls. Cautious individuals adopt the aggregation rule given by Eq. 

1) and apply the universal decision rule. Finally, using the princi- 

le of “once bitten, twice shy”, which describes the action of avoid- 

ng bad situations, the feedback is 

p (i ) (t + 1) = 

{ −p (i ) (t) if �c (i ) < 0 and p (i ) (t) = g, 

p (i ) (t) if �c (i ) < 0 and p (i ) (t) = −g, 

rand {−1 , 1 } otherwise . 

(5) 

c (i ) denotes the change in capital at time step t . In other words, 

f i loses capital by playing the game preferred (and decided upon 

sing the decision rule), i is “bitten” and thus prefers to deviate 
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Table 1 

Dataset statistics of the BA scale-free network and the social media 

network. 

Properties BA Network Social Network 

Nodes 4039 4039 

Edges 88,374 88234 

Average clustering coefficient 0.03792 0.6055 

Average degree 43.7603 43.6910 

Number of triangles 87,511 16,12010 

Diameter 4 8 

Fig. 1. Degree distribution of BA scale-free network defined by 

barabasi_albert_graph(4039,22) , and the real-world Facebook social 

network from Ref [38] . 
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rom that game at the next iteration. Otherwise, if i loses cap- 

tal from playing the game according to the aggregate rule, but 

s not i ’s preference, then i will not deviate. For the other cases, 

 gains capital, and will continue to randomise its preference. In 

hort, the “cautious” individual only reacts when capital is lost, by 

ither switching or reinforcing its preference. 

Individuals i ∈ N with β ∈ [7 / 24 , 17 / 24] are set as “Risk-takers”.

he overlap of β is purposely designed to model the possibil- 

ty that individuals with similar thresholds can still adopt fuzzy 

isk-taking behaviours. The aggregation rule for i is given by Eq. 

1) , adopts the same universal decision rule and has the following 

eedback 

p (i ) (t + 1) = 

{ 

p (i ) (t) if �c (i ) < 0 and p (i ) (t) = g, 

p (i ) (t) if �c (i ) > 0 and p (i ) (t) = −g, 

rand {−1 , 1 } otherwise . 

(6) 

n other words, if i loses capital by playing the preferred game (as 

ecided upon using the decision rule), i will take the risk by stick- 

ng to the same preference. Furthermore, if i gains capital despite 

ot playing the preferred game, i will continue with the risk by 

ot switching preference. For the other cases, i will continue to 

andomise its preference. 

Lastly, individuals i ∈ N with β ∈ [14 / 24 , 1] are set as “Reckless”

ndividuals. Reckless individuals adopt an irrational strategy while 

t the same time giving greater weight to its own preference. Thus, 

he aggregation rule given by Eq. (1) also applies for i . It also uses

he universal decision rule and the feedback is 

p (i ) (t + 1) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

p (i ) (t) if �c (i ) < 0 and p (i ) (t) = g, 

p (i ) (t) if �c (i ) > 0 and p (i ) (t) = −g, 

−p (i ) (t) if �c (i ) < 0 and p (i ) (t) = −g, 

−p (i ) (t) if �c (i ) > 0 and p (i ) (t) = g. 

(7) 

he first two scenarios are similar to risk-taking. However, the 

reckless” goes further by considering choices that are not favor- 

ble. If i loses capital by playing the game opposite to its prefer- 

nce, i will be reckless and switches to the game preference that 

esulted in the loss. Furthermore, if i gains capital by playing the 

ame preferred, i will continue to be reckless by deviating from 

he game that resulted in the gain. 

We investigate this risk-taking preference aggregation game 

n two networks—a scale-free random network and a social net- 

ork. We used the NetworkX 2.5 [36] package available with 

ython for the creation, manipulation, and investigation of the dy- 

amics of Parrondo’s games when applied to complex networks. 

n this article, we set the bias of Parrondo’s games to be ε = 

 . 005 . The scale-free network is generated using the Barabási- 

lbert algorithm [37] , with the following properties: size of node 

et (number of players) | N| = 4039 , size of edge set (number

f connections) | E| = 88374 and average degree 〈 k 〉 = 43 . 7603 ,

his is achieved by setting the built-in random graph properties 

arabasi_albert_graph(4039,22) . These properties were 

hosen to match a real-world Facebook social network with the 

ollowing properties: | N| = 4039 , | E| = 88234 and 〈 k 〉 = 43 . 6910 .

his social network is obtained from [38] . All other graph proper- 

ies are given in Table 1 , with degree distribution shown in Fig. 1 . 

For each network, set each individual node’s initial capital 

 

(i ) (0) = 0 . This can be carried out in general because we are only

nterested in the change of capital with time t . The other variables 

i and p i (t) are assigned random values drawn uniformly from 

heir respective domains. We investigate the expected capital of 

ll individuals 〈 C(t) 〉 as a function of discrete time t to show Par- 

ondo’s paradox and the individual capitals c (i ) (t = 100) as a func- 

ion of β to show Simpson’s paradox. A total of 10 6 simulations 

ere performed and averaged over. 
3 
. Results & discussion 

Under the set up described, we observe Parrondo’s paradox for 

he scale-free network (see Fig. 2 a) and social media network (see 

ig. 3 a). While games A and B are individually losing when played 

y individuals in the network, a combination of the two games 

hrough preference aggregation leads to a winning outcome re- 

ardless of risk-taking behaviour. The expected capital at t = 100 

or each of the different cases are reported in Table 2 . Importantly, 

his study also uncovers the emergence of Simpson’s paradox, at 

he same time, Parrondo’s paradox is also being observed. Individ- 

ally, each risk-taking group have decreasing capital with increas- 

ng β . However, when put together, both the scale-free network 

see Fig. 2 b) and social media network (see Fig. 3 b) reveal Simp-

on’s paradox. The properties are reported in Table 2 . 

We further provide analysis on how each of the average de- 

ree and average clustering coefficient of a scale-free network af- 

ects the ratios between the linear regression of each partition to 

he gradient of the linear regression of the entire network of size 

 = 100 in Fig. 4 . In all cases, both Parrondo’s and Simpson’s para-

ox are observed. Furthermore, the strength of Simpson’s paradox, 

etermined by comparing the ratio of gradients between each par- 

ition and the network, reveal no significant correlation to the av- 

rage degree nor the average clustering coefficient. A similar ex- 

eriment was conducted on a Holme-Kim clustering scale-free net- 

ork [39,40] . By setting the number of nodes and average degree 

f the network to be similar to that of the social media network, 

e are able to change the average clustering coefficient by invok- 

ng powerlaw_cluster_graph(4039, 22, p) , and altering 

 , which is the probability of forming a triangle, thus varying the 

verage clustering coefficient. We similarly observe in Fig. 5 that 

hen the average clustering coefficient is independently altered, 

o significant correlation can be found between the ratio of gradi- 

nts between each partition and the network. 
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Fig. 2. Emergence of Parrondo’s paradox and Simpson’s paradox in a scale-free network. 

Fig. 3. Emergence of Parrondo’s paradox and Simpson’s paradox in a social media network. 

Table 2 

Summary table of the expected capital per player at t = 100 , 〈 C〉 and the relationship m between the individual capitals 

at t = 100 and β for both the scale-free and social media networks. The total number of simulations per discrete time 

is 10 6 . 〈 C〉 is the average capital, r is the correlation coefficient, and m is the gradient of the regression line. 

Scale-free Network Social media Network 

Network Cautious Risk-taker Reckless Network Cautious Risk-taker Reckless 

〈 C〉 0.40144 0.07968 0.13366 0.18811 0.40144 0.07968 0.13366 0.18811 

r 0.48199 −0 . 07928 −0 . 21437 −0 . 26464 0.46458 −0 . 13407 −0 . 18928 −0 . 14204 

m × 10 −4 8.5055 −2 . 2939 −6 . 5609 −8 . 2790 8.3252 −4 . 2086 −5 . 7517 −4 . 6975 

4 
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Fig. 4. Graphs showing the inductive analysis of how the average degree and average clustering coefficient of a scale-free network, for N = 100 , each affects the ratios 

between the partition gradient and the network gradient. Each data point generated by taking 100 networks of the same parameters, and averaging over 10 5 preference 

aggregation Parrondo’s games. 

Fig. 5. Graphs showing the inductive analysis of how the average clustering coefficient of a Holme-Kim clustering scale-free network, for N = 4039 and average degree of 

43.7, each affects the ratios between the partition gradient and the network gradient. Each data point generated by averaging over 10 6 preference aggregation Parrondo’s 

games. 
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Our results in here suggest that the emergence of Simpson’s 

aradox is largely due to the social rules governing the play- 

ng of Parrondo’s games (more than the intrinsic structure of the 

etwork). Finally, we conjecture that Parrondo’s games played on 

 partitioned network, using the preference aggregation frame- 

ork described, can result in the emergence of Simpson’s para- 

ox. A comparison to a tag-based aggregate rule [31] reveal that in 

he latter (refer to supplementary information), Simpson’s paradox 

oes not emerge. To investigate how other aggregate rules such as 

he tag-based mechanism amalgamated with individual node con- 

ections, influence the emergence of Parrondo’s paradox and Simp- 

on’s paradox, motivates future work. 

. Conclusion 

Both Parrondo’s paradox and Simpson’s paradox have the in- 

eresting property of reversing trends. This work builds on social 

etworks and reveal the emergence of both paradoxes and could 

nspire further research to uncover such instances in other social 

ettings. Through the use of preference aggregation and modelling 

isk-taking behaviours when playing Parrondo’s games, we show 
5 
hat not only is it possible for Parrondo’s effect to emerge in the 

ntire network, the same effect is also seen in each individual risk- 

aking behaviour groups. Beyond that, by assigning behaviours, we 

re also able to examine the trend between these behaviour factors 

nd the individual capital gains. Through our simulations, Simp- 

on’s paradox is revealed. Moreover, an analysis of the strength of 

impson’s paradox as a function of the average degree and cluster- 

ng coefficient of a theoretical random network reveal that this re- 

ult is not coincidental. This allows us to conjecture that out model 

oes indeed lead to a double paradox. 
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