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a b s t r a c t 

While increasing urban traffic can be an indicator of development, this inevitably results in traffic congestion in 
urban road networks. Is there a way to manage traffic flow through the control of traffic signals such that the 
overall network congestion is improved? Traffic light signals can be represented as two states of an Ising model. It 
is possible for traffic lights to ”communicate ” with each other through a fusion process from a remote management 
control system. This requires collection of information which can be fed to a centralized decision-making control 
mechanism. We first explore the fusion process between traffic signals and show that it is possible for traffic flow 

in a city to follow the phase transition as exhibited in the 2D Ising model. The model will be extended to show 

that a random switching between signalling control mechanisms can result in congested traffic being susceptible 
to transit out of congestion. 
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. Introduction 

The management of traffic flow requires real-time information and
rediction to respond to potential congestion [1] . Road infrastructure
eometry, interconnectivity and relative timings of traffic lights at in-
ersections will also impact the severity of congestion. The information
ollected about the traffic conditions can be fed to a centralized decision-
aking control mechanism [2,3] . The information, then undergoes a

usion process, where a positive feedback is relayed back to the traffic
ignal grid, and this allows for ease of traffic congestion, a simplified
odel is described in Fig. 1 . The primary purpose of traffic signals in a

oad network is to regulate traffic flow, especially in response to conges-
ion during peak hours. From the psychosocial perspective, most drivers
end to utilize their own self-interest instead of all road users’ [4–8] . Ger-
an mathematician Dietrich Braess observes that adding one or more

oads to an existing network may end up impeding overall traffic flow
commonly known as Braess’s paradox [9–11] . The reason for such a
henomenon taking place is because individual wishes to optimize their
wn utility rather than considering the group utility. This is analogous
o finding a Nash equilibrium in a multi-player game, where the Nash
quilibrium does not necessarily give the best possible result for any
layer [12] . We have proposed an original and novel fusion process of
asing traffic congestion by performing utility optimization on present
oad infrastructure by considering group interest instead of optimizing

he travel time for individuals. 
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Statistical mechanics has been used to explore evolutionary games in
he thermodynamic limit [13,14] , with extension to exploring the effects
f the thermodynamic limit in quantum games [15,16] . It is observed
hat cooperation among individuals exist even when defection should
e a choice for every player. The players were modelled as interacting
gents using concepts from statistical mechanics, in particular, the Ising
pin model. The Ising model was originally used in statistical mechanics
o model interacting magnetic spins to show phase transition [17–20] .
he two-dimensional (2D) square-lattice model of a two-level state is the
implest model to simulate phase transition. The 2D system is typically
sed to simulate the effects that temperature has on the magnetization
f a material. A 2D lattice of magnetic dipoles at fixed lattice sites are
llowed to interact with each other. These dipoles can either take an
up ” state or “down ” state and flip according to its interaction with its
earest neighbours. As temperature changes, the probability of flipping
hanges. Thus, it is possible for a material to lose its magnetization at
ome critical temperature, a process we call phase transition. The same
dea can be employed in traffic network with interacting parts. Statis-
ical mechanics is useful as a means to investigate traffic flow by con-
idering the “microscopic ” models of vehicular traffic and interaction
etween vehicles resulting in “macroscopic ” physical phenomena [21] .

Information fusion is key to managing road congestion and traffic
ow, for instance, with machine learning techniques [22,23] used to
bserve and predict traffic evolution [24] . Information from traffic sig-
als and the associated congestion is collected and fed to an external
ontrol mechanism that eases the congestion across the traffic grid. By
e 2020 
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Fig. 1. Simple schematic of how sensors can be used along and at traffic junctions as data collection instruments, which feeds the information back to a centralized 
control system. This centralize control system decides on an appropriate cycle time, based on the fusion of information, then relays positive feedback to the traffic 
signals. 
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onsidering the interaction between neighbouring roads and signals, the
ime-discrete evolution of a road network can be simulated to shed light
n the factors contributing to the phase transition from free-traffic to
ongestion and vice-versa [25–27] . 

We first ask a fundamental question: is it possible to perform switch-
ng of traffic control mechanisms to decrease the net total waiting time
t all traffic signals in a 2D road network? Consider two losing games be-
ng combined in a random or periodic order to give a winning outcome,
his is known as Parrondo’s paradox [28] . Inspired by the flashing Brow-
ian ratchet, Parrondo’s paradox has found applications in physics [29–
3] , biology [34–37] , engineering [38,39] , social dynamics [40] and
conomics. A family of Parrondo’s games that considers an ensemble of
layers and applies social rules in which the probabilities of the games
re defined by the state of its neighbours is called cooperative Parrondo’s
ames. The game has a “winning ” outcome if the collective average capi-
al of all the players is improved [41,42] . In prior work, cooperative traf-
c management has been introduced to achieve more optimal traffic net-
ork performance [43,44] using a game-theoretic approach [45] . How-

ver, these solutions cover cooperative dynamic routing between traffic
anagement, drivers and machine-to-machine infrastructure; and may
ot be practical to be implemented in real-world scenarios. 

In this paper, an original and novel method comprising the Ising
pin model and cooperative games [46,47] is being proposed. Within
ur proposed method, the coupling constant in an Ising model is de-
ermined by a cooperative switching mechanism, simulated using a co-
perative Parrondo’s game. We then use the numerical results of this
malgamated framework to predict its effects on the phase transition
bserved in a traffic network. Our work here reduces the complexity of
 traffic network by modelling it as a 2D cooperative system in relation
o the interaction dynamics between traffic control management and
achine-to-machine infrastructure. Our work also represents the first

tudy to propose a solution via cooperative Parrondo’s games based on
 s  

249 
he Ising spin model. Section 2 introduces the Ising spin model and ex-
lains how the parameters in the model correspond to the analogous
eatures of a traffic network (see also Table 1 ). Next, Section 3 intro-
uces the traffic control mechanism modelled after Parrondo’s games,
hich controls the behavior of the coupling constant in the Ising model.
inally, we discuss the important implications of our results in Section 4 .

. Ising model 

To set up the 2D Ising model in our transportation context, we first
ote that there are two possible states at each traffic intersection, repre-
ented by each lattice site. In our model, we assume that traffic signals
re local and its corresponding traffic flow is affected only by its near-
st neighbour. Interactions between neighbouring traffic conditions are
aturally taken into account by the traffic flows between them. Only
earest neighbours need to be considered, as interaction beyond near-
st neighbouring junctions does not immediately affect the state at the
unction. Consider a simplistic one-dimensional case in the form of a sin-
le road with multiple sequential interactions (traffic signals) in Fig. 2 .
uppose there is congestion on the road caused by a red signal on S 2 ,
hen the signal at S 1 is irrelevant for traffic flow beyond S 2 . Similarly,
he congestion may affect the congestion at traffic signal S 3 . This can
e modelled as a 1D Ising model with two possible states and analyt-
cally solved using methods in statistical mechanics [48] . This linear
ymmetry can then be extended to a 2D road network by applying an
rthogonal rotation symmetry at each lattice site. 

Consider a set Λ of lattice sites, forming a two-dimensional N × N

quare lattice, with periodic boundary conditions. For each lattice site
 ∈ Λ, there is a discrete variable 𝜎k such that 𝜎𝑘 ∈ {+1 , −1} , represent-
ng the site’s state where +1 represents the “up ” state and −1 represents
he “down ” state. A state configuration, 𝜎 = ( 𝜎𝑘 ) 𝑘 ∈Λ is an assignment of
tate value to each lattice site. For any two adjacent sites i, j ∈ Λ, there
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Fig. 2. Congestion is only affected by the state of neigh- 
bouring traffic signals. This can be extended to an entire 
1D stretch of road by applying translational symmetry. 

Fig. 3. Two states of a traffic junction representa- 
tive of a two-state system at each lattice site of an 
Ising Model. (a) represents an “up ” state, which cor- 
responds to traffic in the north/south direction and 
(b) is the “down ” state, corresponding to east/west 
traffic. 
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s an interaction J ij . The value J ij is related to the probability of vehicles
aking a left or right turn at each junction, hence forming a coupling

onstant which connects each site with its neighbours. 
An external agent is able to monitor all traffic junctions and then

ecide with some probability, in discrete time, whether to flip a traffic
ight from “up ” state, which corresponds to traffic in the north/south
irection and the “down ” state, corresponding to east/west traffic. The
tates are described in Fig. 3 . This external intervention is able to moni-
or the “energy ” of the whole network. We treat this “energy ” as a phys-
cal quantity dependent on a configuration 𝜎, which can be described
y a Hamiltonian 

( 𝜎) = − 

∑
⟨𝑖,𝑗⟩ 𝐽 𝑖𝑗 𝜎𝑖 𝜎𝑗 (1)

here ⟨i, j ⟩ is the sum over nearest neighbours. For simplicity, we shall
ssume that the pairwise interaction at each lattice site is probabilistic
ccording to a signal control scheme based on the state of the neigh-
ouring traffic signal, i.e, 𝐽 𝑖𝑗 = 𝐽 ( 𝜎) for all pairs i, j ∈ Λ. 

We now consider two different signal control schemes, for some ran-
om number r ∈ [0, 1): 
Table 1 

Parameters from the Ising model and its corresponding interpretation in

Ising Model parameter Traffic Network Interpretation 

Λ Traffic network. A set of lattice sites describing

𝜎 State of traffic signal. The flow of traffic north-s

J Coupling constant. Determined by the cooperat

vehicles not heading straight at each junction. 

m Congestion index. It gives a macro perspective o

𝜒 Susceptibility. The susceptibility of the traffic n

 “Energy ” purely determined by the states 𝜎 and

of the traffic. 

𝜉 Associated with the degrees of freedom of the ⟨ · ⟩ Average of a physical quantity over N simulatio

250 
(A) Independent of neighbouring states, 

𝐽 ( 𝜎) = 

{ 

1 if 𝑟 ≤ 𝑝 

0 otherwise 
. (2)

(B) Dependent on number of neighbouring states in “up ” configura-
tion, 

𝐽 ( 𝜎) = 

{ 

1 if 𝑟 ≤ 𝑝 𝑖 
0 otherwise 

, (3)

where i is the number of neighbouring states in the “up ” config-
uration. 

The choice of J ( 𝜎) is analogous to the probability of “winning ” or
losing ” in Parrondo’s games. The dynamics of choosing J ( 𝜎) is also
resented in Section 3 , in the context of cooperative Parrondo’s games.
he choice of 𝑝 𝑖 ∈ { 𝑝, 𝑝 0 , … , 𝑝 4} will be presented in Section 3.1 . Our
nalytic derivations below justify our approach as it shows that the dy-
amics of the traffic network problem does not deviate from the Ising
odel, only the choice of J ( 𝜎) will determine the outcome. 
 a traffic network. 

 the topology of the traffic network 

outh (+1) or east-west (−1) . 
ive management mechanism, related to the probability of 

f the scale of congestion of the whole traffic network. 0 ≤ m ≤ 1. 

etwork transitioning from congestion to free. 

 J . It gives a perspective of the evolution (with time) of the flow 

lattice Λ. 

ns. 
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Let A 𝜎 be an observable of the system for some state 𝜎. For a system
n equilibrium, the average value of the observable is given by 

𝐴 ⟩ = 

1 
 

∑
𝜎

𝐴 𝜎𝑒 
−  ∫ ∕ 𝑘 𝐵 𝜉 , (4)

here  is the partition function  = 

∑
𝜎 𝑒 

−  ∫ ∕ 𝑘 𝐵 𝜉 , and we denote “en-
rgy ” of the system as  𝜎 for configuration 𝜎. 

The Monte Carlo simulation method allows us to determine ⟨A ⟩. In
ur case, we want to find ⟨m ⟩. We first consider a Markov chain as a
iscrete process which starts from an arbitrary configuration 𝜇 at time
 = 0 and generates a new configuration at time 𝑡 + Δ𝑡 . Each transition
epends only on the current state of the system and not on the previous
istory (Markov property). This transition is governed by a transition
robability P ( 𝜇 → 𝜈) ≥ 0, satisfying 

𝜈

𝑃 ( 𝜇 → 𝜈) = 1 . (5)

he system at any given time is characterized by the probabilities p 𝜇 of
eing in the state 𝜇. We can write the probability of finding the system
n a state (at a later time) 𝜈 as: 

 𝜈 ( 𝑡 + Δ𝑡 ) = 

∑
𝜇

𝑝 𝜇( 𝑡 ) 𝑃 ( 𝜇 → 𝜈) , (6)

hich can be written as a vector equation 𝑝 ( 𝑡 + Δ𝑡 ) = 𝑃 𝑝 ( 𝑡 ) , where
he matrix P has elements 𝑃 𝜇𝜈 = 𝑃 ( 𝜇 → 𝜈) . Note that in general
 ( 𝜇 → 𝜈) ≠ P ( 𝜈 → 𝜇). 

Let us derive the case for which this converges to the equilibrium of
he system, that is 

 𝜇 = 

1 
 

exp (−  𝜇∕ 𝑘 𝐵 𝜉) . (7)

herefore, 

 𝜈 = 

∑
𝜇

𝜔 𝜇𝑃 ( 𝜇 → 𝜈) . (8)

sing Equation (5) this condition can be written as 

𝜇

𝜔 𝜈𝑃 ( 𝜈 → 𝜇) = 

∑
𝜇

𝜔 𝜇𝑃 ( 𝜇 → 𝜈) , (9)

hich implies 

 𝜈𝑃 ( 𝜈 → 𝜇) = 𝜔 𝜇𝑃 ( 𝜇 → 𝜈) , (10)

his is the detailed balance condition. By substituting the condition into
quation (7) to (10) , we obtain the transition probability: 

𝑃 ( 𝜈 → 𝜇) 
𝑃 ( 𝜇 → 𝜈) 

= 𝑒 −(  𝜇−  𝜈 )∕ 𝑘 𝐵 𝜉. (11)
Fig. 4. Cooperative Parrondo’s paradox sche

251 
ollowing the Metropolis algorithm for detailed balance, the external
gent will decide to flip the state at a randomly chosen lattice site k
ith the following probability: 

( 𝜎, 𝜏) = 

{ 

𝑒 − 𝑑∕ 𝜉 if 𝑑 > 0 , where 𝑑 =  𝜎 −  𝜏

1 otherwise 
(12)

here we have set 𝑘 𝐵 = 1 , a constant with appropriate dimensions.
astly, we shall define the physical quantity analogous to the magne-
ization of the Ising spin system as 

 = 

1 
𝑁 

∑
𝑖 

𝜎𝑖 . (13)

e refer to m in the context of the traffic network as the “congestion
ndex ”. m gives information about the congestion of the entire traffic net-
ork. It is a measure of the congestion of a traffic network, the macro-

copic quantity. A good physical intuition is to think of | m | as how the
ow of traffic aligns. If | m | ≈ 1, it implies that over time, the flow of traf-
c is only in the north-south direction or east-west direction. Vehicles in
he other direction (east-west in the case when the flow is north-south)
ill not be moving. This will eventually lead to a congestion because
ehicles will eventually turn (either left or right) into a congested junc-
ion. On the other extreme, when | m | ≈ 0, then we have a balance of
raffic flow in the north-south direction and the east-west direction. It
s worth noting that this does not imply there is no local congestion
ithin the larger network. When 0 < | m | < 1, the state of the traffic

s a mix between the two extreme cases. For larger values of | m |, it
s analogous to having denser and larger domains of congestion across
he network. As | m | tends to zero, these domains become smaller and
parse. 

. Decision-making control mechanism 

These cooperative Parrondo games are physically analogous to
hoosing a certain control mechanism to switch the lights from green
o red and vice-versa. To model a cooperative game based on the Ising
pin model, we consider performing probabilistic switching dynamics at
ach traffic signal according to Fig. 4 . 

Similar to the Ising model, only the traffic signal and traffic of adja-
ent intersections will affect each intersection, imposing periodic bound-
ry conditions (in the case of large traffic grids, the road network is
me according to the traffic conditions. 
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Fig. 5. Experimental results from implementing Fig. 4 , with 𝑁 = 20 , 𝑛 = 10 6 

and 𝑡 = 100 , showing that mixing two “losing ” control mechanism can give a 
“winning ” control mechanism. 
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elf-similar). By considering cooperation between nearest neighbours,
e will next show that the game-theoretic Parrondo’s paradox is appli-

able in our context. 

.1. Ising cooperative parrondo model 

To model our traffic network, we take a reasonable number of cross
unctions 𝑁 = 20 . The simulation is then averaged over 𝑛 = 10 7 itera-
ions per simulation, with each simulation performed over 𝑡 = 10 5 time
teps. It is worth noting that “winning ” is intuitively defined as spend-
ng less time (capital, C ( t )) at an intersection. Therefore, in effect, we
re showing that mixing two control mechanisms of positive capital
ives a negative capital. The probabilities of obtaining a “losing ” strat-
gy (i.e ⟨C ( t ) ⟩ > 0) are 𝑝 = 

1 
2 + 𝜀, 𝑝 0 = 1 . 0 , 𝑝 1 = 0 . 9 + 𝜀 1 , 𝑝 2 = 0 . 2 + 𝜀 2 ,

 3 = 0 . 1 + 𝜀 3 and 𝑝 4 = 𝜀 4 . As an illustration, we have used the following
 values: 𝜀 = 0 . 005 , 𝜀 1 = 0 . 05 , 𝜀 2 = 0 . 05 , 𝜀 3 = 0 . 01 and 𝜀 4 = 0 . 01 . 

Simulation results in Fig. 5 predict the winning control mechanism
hen there is random switching performed between mechanism A and
. Having shown that there exists a winning strategy by mixing the con-
rol mechanism, this is now applied to the coupling constant J ( 𝜎) to
Fig. 6. Numerical results for the Ising model, where the coupling constan

252 
how that it is indeed advantageous in mixing the control mechanism.
he pseudocode of these simulations can be found in the Supplementary
nformation. We perform two simulations using micro-canonical Monte
arlo simulations [49] : 

(1) Starting with free traffic (i.e randomized states at each lattice
site), we iterate through values of 𝜉 for t discrete time steps to
find the critical value 𝜉0 for which a phase transition takes place.

(2) Take two starting configurations: 
(i) Free traffic – randomized 𝜎, 

(ii) Congestion – aligned 𝜎
for the mixed control mechanism and illustrate its evolution after
t discrete time steps for some determined value of 𝜉 close to 𝜉0 . 

e next perform a series of simulation for finding the critical param-
ter 𝜉0 . This parameter is analogous to the temperature of a system as
efined in statistical mechanics. Temperature is defined based on a sys-
em’s degrees of freedom. In the case of traffic modeling, 𝜉 takes the
ame definition defined by the degrees of freedom of the state configu-
ation 𝜎 [50] . The analytic solution [51] for 𝜉0 of a magnetic spin Ising
odel is found to be 

0 = 

2 
ln (1 + 

√
2 ) 

𝐽 ≈ 2 . 269 𝐽 , (14)

or a constant J implying that it is solely dependent on the coupling con-
tant. Next, we define the physical property analogous to the “magnetic
usceptibility ” of the Ising model, which we refer to as simply “suscep-
ibility ”. 

= ⟨𝑚 

2 ⟩ − ⟨𝑚 ⟩2 . (15)

Our simulation results for control mechanisms A, B and [ 𝐴 + 𝐵] are
resented in Figs. 6 , 7 and 8 , respectively. The outcome of the “con-
estion index ” shows very good agreement with that obtained from an
sing spin model. The predicted uncertainty is 𝑂(10 −1 ) with a linear rate
f convergence. 

We now focus on exploring how traffic evolves with time t , deter-
ined by discrete time step when starting from a free traffic state and
 congestion state for a some value of 𝜉. As an illustration, we choose
alues of 𝜉 close to 𝜉0 , varying the value of 𝜉 = {2 . 2 , 2 . 3 , 2 . 4 , 2 . 5} , taking
 = 10 6 time steps for each simulation. The simulation results are shown
n Fig. 9 . 
t J ( 𝜎) follows control mechanism A averaged over 100 simulations. 
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Fig. 7. Numerical results for the Ising model, where the coupling constant J ( 𝜎) follows control mechanism B averaged over 100 simulations. 

Fig. 8. Numerical results for the Ising model, where the coupling constant J ( 𝜎) follows the mixed control mechanism [ 𝐴 + 𝐵] averaged over 100 simulations. 
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. Discussion 

From our simulation results in Fig. 6 to 8 , we were able to obtain
he critical value 𝜉0 ≈ 2.4 by performing the Metropolis algorithm and
onte Carlo simulations for the 2D square-lattice Ising model. For all

hree control mechanisms, the critical value is the same. This is sig-
ificant as this implies that the critical point of transition is indepen-
ent of the choice of control mechanism. It is important to note that the
ongestion index m decreases with increasing 𝜉 for all control mech-
nism, which is as expected. It is known that the coupling constant
oes affect the critical value 𝜉0 , as established by Onsager’s exact so-
ution [51] ; the susceptibility at the critical value for the mixed con-
rol mechanism, 𝜒[ 𝐴 + 𝐵] = 12 . 4 ± 0 . 1 , is found to be lower than in the
ase of following a single control mechanism with 𝜒𝐴 = 14 . 1 ± 0 . 1 and

𝐵 = 12 . 8 ± 0 . 1 . Physically, this implies that the system is more sus-
eptible to change state from “congestion ” ( |𝑚 | = 1 ) to “free traffic ”
 |𝑚 | = 0 ). 

Our proposed Ising model has revealed that above the critical value

0 , the starting configuration of the traffic network does not affect the
ong-term effect of traffic flow. It has been shown that lim 𝑡 →∞ |𝑚 | = 0
or both the aligned and random configuration. However, locally, there
emains domains of gridlocks as revealed in Fig. 9 . This observation sug-
ests that in the process of improving the overall network congestion,
253 
here will bound to be localized domains that continue to experience
rid-lock, which cannot be alleviated simply by using the method of
witching control mechanisms.This is in agreement with the physical
ntuition motivated in the introduction. The size of the domains is also
parse and localized. Importantly, we have shown the total network con-
estion can be improved. 

Defining the physical quantities and fusion process that affect 𝜉 and
ethods to determine the critical value 𝜉0 is crucial in studying traffic
etwork congestion. Traffic management is a complex problem affected
y many variables, including vehicle length, ideal acceleration and de-
eleration and safety distances, among others. To definitively determine
, each network has to be studied in greater details, and even so, the
tochastic nature of traffic can only be simulated, as is performed by
mplementing the Ising model. Furthermore, this work focuses on two-
tate traffic flow at each junction. Traffic networks are complex systems
hat can be modelled using other complicated systems of traffic control
hich may or may not be better than our current model. However, such

omparisons are not the focus of the current study but this motivates
uture work for which each direction of flow at a traffic junction can be
ndependently considered as a state. Such consideration will give rise
o a longer cycling time, but coordinated traffic flow. With four possi-
le flow directions, there will be four states to consider, and a spin-3/2
ystem should be used then. 
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Fig. 9. Macroscopic experimental outcome after 𝑡 = 10 6 time 
steps for coupling constant determined by the [ 𝐴 + 𝐵] mixed 
control mechanism, for 𝑁 = 20 . White and black squares rep- 
resent the “down ” and “up ” states, respectively. The first col- 
umn corresponds to states initially starting with aligned “spin ”
states (congestion), while the second column corresponds to 
states initially starting with random “spin ” states (free traffic). 
Each row corresponds to 𝜉 = {2 . 2 , 2 . 3 , 2 . 4 , 2 . 5} respectively. 
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. Conclusion 

In conclusion, we have shown that traffic network in a transportation
ystem can be modelled using a 2D Ising model with coupling constant
 ( 𝜎) determined by the dynamics of the cooperative Parrondo’s para-
ox. This will result in the traffic network being more susceptible to
 phase transit from “congestion ” to “free traffic ”. Crucially, the study
f factors that governs the parameter 𝜉, as well as history dependent
etworks motivates future work. Our work here represents a novel and
ully implementable algorithm that can be used in real-life as part of city
lanning and traffic management by fusing the information through a
eans of data collection at each traffic junction. Reducing the effects of

raffic gridlock will also minimize environmental pollution, thus making
rban traffic more sustainable in the long run. 
F  
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