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a b s t r a c t

Recently, a population model has been analyzed using the framework of Parrondo’s
paradox to explain how behavior-switching organisms can achieve long-term survival,
despite each behavior individually resulting in extinction. By incorporating environmen-
tal noise, the model has been shown to be robust to natural variations. Apart from the
role of noise, the apparent ubiquity of quasi-periodicity in nature also motivates a more
comprehensive understanding of periodically-coupled models of Parrondo’s paradox.
Such models can enable a wider range of applications of the Parrondo effect to biological
and social systems. In this paper, we modify the canonical Parrondo’s games to show
how the Parrondo effect can still be achieved despite the increased complexity in
periodically-noisy environments. Our results suggest the extension of Parrondo’s paradox
to real-world phenomena strongly subjected to periodic variations, such as ecological
systems experiencing seasonal changes, disease in wildlife and humans, or resource
management.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Parrondo’s paradox refers to the surprising outcome wherein a winning strategy is obtained by playing two individually
losing games in a periodic or random manner. J.M.R Parrondo first introduced a pair of mathematical games of chance,
now commonly termed the capital-dependent Parrondo’s games, as an abstraction of flashing Brownian ratchets in one-
dimensional potentials [1,2]. In these flashing ratchets, toggling a spatially-periodic potential on and off can produce a net
drift of diffusive particles, despite there being no large-scale gradient in the potential. Since then, variants of Parrondo’s
games, such as the history-dependent [3] and cooperative games [4], have inspired numerous works on their mathematical
properties and potential applications [5–17].

The counter-intuitive possibility of combining two unfavorable strategies into a favorable one has attracted much
attention since its conception. To date, Parrondo’s paradox has been greatly useful in enriching our understanding of a
wide range of physical phenomena across different fields. In physics, it has been used to understand drifts in granular
and diffusive flow [18,19], and in biophysics, it has been useful in the modeling of molecular motors [20]. There are also
applications in quantum game theory [21–24] and engineering optimization [25,26]. In systems chemistry, greater product
yields are predicted to be achievable by exploiting the Parrondo effect through thermal cycling [27]. The paradox has found
numerous applications in life science [28–31], ecology and evolutionary biology [32–34] and social dynamics [35–39].
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In a series of recent papers [40,41], the population dynamics of an environmentally constrained species exhibiting both
nomadic and colonial behaviors have been analyzed under the framework of Parrondo’s paradox. While both colonialism
and nomadism individually lead to population extinction, it was demonstrated that paradoxical proliferation in the
long-term is feasible through time-based alternation between the two behaviors. In addition to the Allee effect, the
population model also included noise perturbations acting on the environmental carrying capacity, to emulate variations
in habitat conditions. This inclusion of simulated noise had demonstrated the robustness of the model and the observed
survival–extinction results to environmental noise, which is expected to be ubiquitous in the real world.

The ubiquity of noise, in particular large variations that are periodic or quasi-periodic on the relevant time scales, in
natural systems motivate further study. A large range of ecological phenomena manifest themselves with some form of
periodicity, such as predator–prey populational oscillations, and patterns induced by seasonal variations in temperature
and precipitation, which represent some of the strongest sources of external influence on wildlife [42–45]. In human
society, disease dynamics and tourism [46–49] likewise experience periodic variations on a seasonal and yearly timescale,
not dissimilar to natural phenomena. In the aforementioned population dynamics system [40,41], the focus was on
investigating the effects of environmental noise on dynamical behavior. By necessity, the theoretical treatment and
analysis was case-specific, and is not easily generalizable to other areas and models. It can be greatly useful to examine
the effects of noise in a more general, abstracted fashion.

In the present study, we investigate the effects of periodic variations on the capital-dependent Parrondo’s paradox.
In the following sections, we modify the canonical game pair such that it incorporates sinusoidal variations on key
parameters; we then examine different such combinations, demonstrating the resulting behavior and the robustness of
the Parrondo effect amidst the increased dynamical complexity. Our results suggest Parrondo’s games, suitably modified,
to be potentially applicable to systems strongly subjected to time-periodic variations.

2. Game model

The paradox can be illustrated using biased coins. To review the theoretical basis of the canonical paradox, we first
consider two coin-flipping games, A and B, as introduced in Ref. [2]. In game A, a player flips a biased coin that has a
probability (p1) of winning of less than half. Game B is a capital-dependent game and consists of two biased coins. If the
capital is a multiple of an integer M = 3, the player flips a coin with a winning probability of p2. Otherwise, he flips a
coin with a winning probability of p3. The parameter values are usually taken to be

p1 =
1
2

− ϵ, p2 =
1
10

− ϵ, p3 =
3
4

− ϵ, (1)

for ϵ = 0.005 > 0. In such a configuration, the two games A and B are losing when individually played, but a stochastically
mixed game can be winning.

To find the probability distribution across capital states (c mod 3 = 0, 1, 2, where c is the capital) in the long run, we
may construct transition matrices to represent these games:

PA =

[ 0 p1 1 − p1
1 − p1 0 p1
p1 1 − p1 0

]
, PB =

[ 0 p2 1 − p2
1 − p3 0 p3
p3 1 − p3 0

]
. (2)

The transition matrix for uniformly-mixed stochastic games is then

PS =
1
2

(PA + PB)

=
1
2

[ 0 p1 + p2 2 − p1 − p2
2 − p1 − p3 0 p1 + p3
p1 + p3 2 − p1 − p3 0

]

=

[ 0 0.295 0.705
0.38 0 0.62
0.62 0.38 0

]
, (3)

with the corresponding stationary distribution vector

π =
[
0.345 0.254 0.401

]
. (4)

The long-term probability of winning, namely [p1 + π1p2 + (1 − π1)p3] /2 = 0.508 > 1/2 where π1 is the first element
of π, indicates a higher probability of winning than losing, hence the paradox.

2.1. Periodically-varying winning probabilities

The original probabilities of winning in the capital-dependent Parrondo’s paradox, as given in Eq. (1), are now modified
to be

pi = p′

i − f (n), for i = 1, 2, 3, (5)
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where a periodic noise function f (n) is employed to replace the fixed bias parameter ϵ, and p′

i are the base probabilities
around which variations from f (n) occur. In our simulations, we use sinusoidal f (n) for simplicity, and we examine
different base probabilities p′

1, p
′

2 and p′

3 to demonstrate the resulting sinusoidal Parrondo effect across the available
parameter space.

Two forms of f (n) are used for demonstrative purposes, to govern the change in winning probabilities:

f (n) = C · sin
(
απ

n
N

)
, (6)

f (n) = C · sin
(
βπ

n
N

)
· sin

(
γπ

n
N

)
, (7)

for amplitude C and frequencies α, β and γ . As implied in Eqs. (5), (6) and (7), it is apparent that the winning probabilities
of the capital-dependent Parrondo’s games now vary with the game round n.

2.2. Analytical approach

With a given noise function f (n), the transition matrices P(n) for both games A and B become

PA(n) =

[ 0 p′

1 − f (n) 1 − p′

1 + f (n)
1 − p′

1 + f (n) 0 p′

1 − f (n)
p′

1 − f (n) 1 − p′

1 + f (n) 0

]
, (8)

PB(n) =

[ 0 p′

2 − f (n) 1 − p′

2 + f (n)
1 − p′

3 + f (n) 0 p′

3 − f (n)
p′

3 − f (n) 1 − p′

3 + f (n) 0

]
. (9)

Likewise, we have the transition matrix for uniformly-mixed stochastic games as PS = (PA + PB) /2. The cumulative
mean capital K after n games is then

K = C0Q (1)1 + C0P(1)Q (2)1 + · · · + C0P(1)P(2) · · · P(n − 1)Q (n)1

= C0

[
n∑

k=1

(
k−1∏
ℓ=1

P(ℓ)

)
Q (k)

]
1, (10)

where C0 =
[
1 0 0

]
is the initial distribution vector, 1 =

[
1 1 1

]T is a column vector of ones, and matrix Q (n) is
defined as the Hadamard product Q (n) = P(n) ◦ W , with payoff matrix

W =

[ 0 1 −1
−1 0 1
1 −1 0

]
.

Above P can be set to be PA, PB, or PS to model game A, game B, and stochastically mixed games respectively. Let us
now consider that f (n) is periodic with period N0. This periodicity enables a convenient evaluation of the long-term rate
of profit. Let us denote the compounded transition matrix over the period of N0 as H = P(1)P(2) · · · P(N0) and let π be
the stationary distribution of H . The long-term rate of capital increase R can then be computed as

R =
1
N0

[πQ (1)1 + πP(1)Q (2)1 + · · · + πP(1)P(2) · · · P(N0 − 1)Q (N0)1] (11)

=
π

N0

[ N0∑
k=1

(
k−1∏
ℓ=1

P(ℓ)

)
Q (k)

]
1, (12)

which is similar to the calculation of K , with the important difference that the stationary distribution π over the period
of N0 rounds is used instead of the initial distribution C0.

2.3. Analytical demonstration

As a motivating example, let us consider a time-varying sinusoidal noise function superposed on a fixed bias ϵ, such
that f (n) = ϵ [1 + g(n)] with g(n) = sin (4πn/N), N = 100 and ϵ = 0.005. The transition matrix for stochastically mixed
games is

P(n) =

[ 0 0.295 − g(n) 0.705 + g(n)
0.38 + g(n) 0 0.62 − g(n)
0.62 − g(n) 0.38 + g(n) 0

]
. (13)

It can be computed that the stationary distribution vector is π =
[
0.345 0.254 0.401

]
, and the long-term rate of

capital increase R > 0. That is, the game is winning. Note π differs only slightly — beyond the decimal places shown here
— from that of the noiseless games presented earlier in Eq. (4), as the noise amplitude is small.
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Fig. 1. Winning probabilities of different sinusoidal functions plotted against the number of games played, n. (a) f = 0.005 sin
( 4πn

N

)
across 100

games played and (b) f = 0.005 sin
( 4πn

N

)
sin
( 40πn

N

)
across 1000 games played. Parameters are p′

1 = 0.495, p′

2 = 0.095 and p′

3 = 0.745, known to
be originally losing.

We may also examine the winning probability. Given a transition matrix P(n) subjected to a periodic function f (n),
the winning probability, Pwin(n), after n rounds, is

Pwin(n) = πP(1)P(2) · · · P(n − 1)

[P(n)12
P(n)23
P(n)31

]
, (14)

where P(n)ij refers to the entry of P(n) in the ith row and the jth column.
We apply the above analysis to two different sinusoidal noise functions, f = 0.005 sin

(4πn/N) and f = 0.005 sin (4πn/N) sin (40πn/N), and illustrate their corresponding winning probabilities for the
modified sinusoidal Parrondo’s games in Fig. 1. Clearly, the probabilities of winning for both functions are always greater
than 1/2, despite the periodic variations having no net bias over their periods. In combination with the previous example,
this suggests that a Parrondo-paradoxical outcome is indeed realizable in the noise-coupled games, which we confirm in
the following subsections with more extensive simulations.

3. Results

Numerical simulations implementing the periodic noise-coupled Parrondo’s games were performed using Python. The
standard Python random package, with the core generator being a Mersenne Twister pseudo-random number generator
providing a sufficient float precision and period [50], was used to generate random floats uniformly in the range [0.0, 1.0),
which were used to stochastically determine the game to be played at each round, and to determine the outcome of the
games. The expectation values of each simulation performed were averaged over 106 trials to ensure convergence of
results. For f (n) = C · sin

(
βπ n

N

)
· sin

(
γπ n

N

)
, more game rounds were played (n = 1000) to demonstrate the long-term

behavior. The simulation results are in agreement with the analytical calculations presented in Section 2.2.

3.1. Parrondo effect with f (n) = C sin
(
απ n

N

)
Simulation results using the sinusoidal noise function f (n) = C sin

(
απ n

N

)
are presented in Figs. 2 and 3. Clearly, with

the introduction of the noise function, both games A and B remain individually as losing games, as observed in Fig. 2.
The Parrondo’s paradox then manifests when the two losing games are combined periodically — in the order of two

games of A followed by two games of B — and randomly, with no order of sequence. In both cases, winning outcomes,
as characterized by a long-term gain in capital, are observed, as shown in Fig. 3. The original results obtained in [2] are
also plotted for a direct comparison.

3.2. Robustness with f (n) = C · sin
(
βπ n

N

)
· sin

(
γπ n

N

)
To demonstrate the robustness of the observed Parrondo effect in different noise environments, we now attempt to

use the more complicated sinusoidal noise function f (n) = C · sin
(
βπ n

N

)
· sin

(
γπ n

N

)
. Simulation results in Fig. 4 confirm

that games A and B remain individually as losing games while a random or periodic mix of the games yield the Parrondo
effect, as observed in Fig. 5. Across different values of β and γ , it is observed in Figs. 6 and 7 that the characteristics of
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Fig. 2. Numerical simulations of games A and B individually, using the noise function f (n) = 0.005 sin
(
4π n

N

)
. (a) Game A only with different p′

1
values. (b) — (d) Game B only with different combinations of p′

2 and p′

3 . The results were averaged over 106 trials.

Fig. 3. Parrondo’s paradox is observed in both (a) random combination of games A and B and (b) periodic combination of games A and B (order
AABB). Results of the original games for both random and periodic combinations are also plotted for clearer comparison. The noise function
f (n) = 0.005 sin

(
4π n

N

)
is used.

Parrondo’s paradox are still retained: periodic and random combinations of individually losing games A and B still lead to
winning outcomes. In addition, the qualitative zig-zag shape characteristic of the periodic combination in Fig. 3(b) is also
observed in Figs. 5(b) and 7(b), when zoomed in. These results, taken together, confirm the persistence of the Parrondo
effect, and suggest that the framework of Parrondo’s games may be applicable in natural systems subjected to ubiquitous
periodic noise. We note it may be interesting to consider the uniformity in behavior of the Parrondo effect with periodic
variations, with respect to the closed-interval range of f (n), as n grows large; this motivates future work.



6 S. Jia, J.W. Lai, J.M. Koh et al. / Physica A 556 (2020) 124714

Fig. 4. Numerical simulations of games A and B individually using the noise function f (n) = 0.005 sin
(
4π n

N

)
· sin

(
6π n

N

)
.

Fig. 5. Parrondo’s paradox is observed in both (a) random combination of games A and B and (b) periodic combination of games A and B (order
AABB). The noise function f (n) = 0.005 sin

(
4π n

N

)
· sin

(
6π n

N

)
is used.

4. Conclusion

Motivated by the ubiquity of periodicity and quasi-periodicity in nature, such as seasonal variations in temperature
and predator–prey populational oscillations, we have investigated a model of Parrondo’s paradox subject to periodic
variations in game probability parameters. By demonstrating the existence of the Parrondo effect in these games,
and examining their response and robustness to different imposed noise variations, the present study contributes in
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Fig. 6. Numerical simulations of games A and B individually using the noise function f (n) = 0.005 sin
(
4π n

N

)
· sin

(
40π n

N

)
.

Fig. 7. Parrondo’s paradox is observed in both (a) random combination of games A and B and (b) periodic combination of games A and B (order
AABB). The noise function f (n) = 0.005 sin

(
4π n

N

)
· sin

(
40π n

N

)
is used.

extending Parrondo’s games to modeling realistic ecological and biological scenarios, in which variations of approximate
periodic nature frequently manifest. For instance, in disease dynamics, seasonal variations in disease transmission is often
synchronized with human behavioral patterns, most prominently travel and festivities, that exhibit a seasonal rhythm;
and, not dissimilarly, behavioral patterns in wildlife are often synchronized with climate and food availability patterns,
including extreme feats of migration, and mating cycles.
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