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Parrondo effect in quantum coin-toss simulations
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Game A + Game B = Game C. Parrondo’s games follow this basic structure where A and B are losing
games and C is a winning game—a phenomenon called Parrondo’s paradox. These games can take on a
wider class of definitions and exhibit these paradoxical results. In this paper, we show three paradoxical cases.
(1) The successive “tossing” of a single fair quantum coin gives a biased result, a previously known result. (ii) The
random tossing of two quantum coins, each with successive biased expectations, gives an average random walk
position of approximately zero. (iii) The sequential periodic tossing of two quantum coins, each with successive
negative biased expectations, gives an average random walk with positive expectation. Using these results, we
then propose a protocol for identifying and classifying quantum operations that span the same Hilbert space for

a two-level quantum system.
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I. INTRODUCTION

Parrondo’s games follow the structure Game A + Game
B = Game C, for which A and B are losing games and C
is a winning game, also known as Parrondo’s paradox. Two
biased games are designed such that the player loses capital
in the long run if he chooses to play each game individually.
However, if the player decides to play the games randomly or
in a certain sequence, then, it is possible for the player to gain
capital in the long run [1,2]. This paradoxical result has found
its way to explaining a wider class of problems beyond game
theory. In fact, these games now take a wider definition de-
pendent on its field of applications to describe two dynamical
systems combining to give a paradoxical result. For example,
this paradoxical result can be found in nonlinear dynamics,
whereby the combination of chaotic systems [3,4] in a certain
manner gives rise to an ordered system.

Parrondo’s paradox has also been applied to model ecolog-
ical behavior, evolutionary biology, and population dynamics
[5-11] as part of the survival strategies, in which individual
strategy leads to the eventual decrease of population of the
species. However, a periodic alternation of the two survival
strategies leads to a long-term growth of the population.
Parrondo’s paradox has been used to explain the underly-
ing dynamics of many other biological phenomena [12], the
field of economics (game theory) [1,13,14], computer sci-
ence [15], physical chemistry [16], and engineering optimiza-
tion [17,18]. Besides its theoretical advancements [19-25],
specific problems in social dynamics [26] and evolutionary
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biology [27] have been modeled and explained in terms of the
paradox. More applications and the theoretical developments
of the paradox can be found in the reviews in [12,28].

Many applications have also been linked to quantum mod-
els, where the classical coin toss is replaced by the measure-
ment of a qubit. One of the studies is by Meyer and Blumer
[29], in which they show that Parrondo’s paradox can be
modeled by probabilistic lattice gas automata. Their work in-
troduces a quantum analog of the ratcheting mechanism seen
in the original Parrondo’s game, with possible applications in
quantum computing. There have been further investigations
of quantum Parrondo’s games over the years, yielding other
variants and in the process shedding light on the roles of
entanglement and coherence in game outcomes. Quantum
algorithms have been used to demonstrate the application of
Parrondo’s paradox in quantum game theory [29-39]. Of par-
ticular interest in quantum algorithms are quantum walks. The
quantum random walk algorithm was previously developed
with applications to quantum optics [40]. Since then, it has
been at the forefront of development in quantum computa-
tion [41-43]. There have been attempts to computationally
simulate quantum random walks via coin toss [44]; however,
they do not fully identify or explain the paradoxical outcome
arising from these computational simulations.

In this paper, we motivate the paradox by first introduc-
ing the mechanism behind random walks and quantum coin
flips in the following sections. The general framework of a
quantum coin toss will be discussed adequately for the under-
standing of the protocol used with the background information
given in Refs. [44—46]. Then, we introduce three paradoxical
results involving the quantum coin toss as a decision-making
tool for random walks in Sec. II. The main contributions of
our work are as follows:
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(1) The successive “tossing” of a single fair quantum coin
gives a biased result.

(2) The random tossing of two quantum coins, each with
successive biased expectations, gives an average random walk
position of approximately zero.

(3) The sequential periodic tossing of two quantum coins,
each with successive negative biased expectations, gives an
average random walk with positive expectation.

Lastly, we discuss the applicability of our result as a means
of identifying the state of the initial qubit and the fairness of
quantum coins.

A. Discrete classical walk

Consider a discrete walk along x € Z, purely determined
by the result of a fair coin toss. A fair coin toss has two possi-
ble outcomes, heads (41) and tails (—1), with a probability
of each outcome being % The probability distribution of a
classical discrete walk determined by a fair coin toss can be
visualized using a tableau. The symmetric entries of Table I
imply that the mean position of the discrete classical walk
is always zero, (x)c = 0. Here, the subscript C denotes the
expected position in the classical regime. The same discrete
classical walk can also be performed using a biased coin;
however, the mean position will be biased towards the coin
face that has a higher occurrence probability.

B. Discrete quantum walk

Suppose we have a quantum process with basis state |n, ).
The Hilbert space of this state is H = H, ® H., where H, =
span{|n) : n € Z}, n indicates the position along the x axis,
and H,. = span{|0), |1)} indicates tails and heads, respec-
tively. A transformation analogous to a discrete walk involves
two operations. At each step, we have the following:

(1) A coin-flip transformation C,

Cln,0) = a|n, 0) 4 b|n, 1),
Cln, 1) = c|n, 0) +d|n, 1), (1)

satisfies |a|> + |b|*> = |c|> + |d|* = 1, where a,b,c,d € C.
Such a C can be represented as a superposition of Pauli
matrices,

3
b
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After four coin tosses [Eq. (7)], we obtain a distribution that
differs from the classical coin toss. The possible positions

and corresponding probabilities are P(x = —4) = %, P(x =

-1 1)+

TABLE 1. Probabilities for each position in a classical walk
determined by a coin toss for m € [0, 4] steps.

—4 -3 -2 -1 0 1 2 3 4

m=0 1

_ 1 1
"= 1 2 1 2 1
m=2 i 3 3

_ 1 3 3 1
m=3 8 8 8 §
m—d4 L 1 3 1 1

16 8 4 16

where o, are the Pauli matrices and oy is the identity matrix.
C is normalized and, in general, noncommutative; that is,
[C,‘, Cj] 75 0 for i 75 ]

(2) A shift transformation S is a unitary operator in H,
S|n, O) = |n - ]1 0)7
Sln, 1) = n+ 1, 1). (3)

One step of the random walk is given by SC. Thus, in
general, the entire transformation is unitary and combines the
coin-flip transformation and shift transformation, given by

u=3s(cer,), @

where 7, is the identity operator of size p x p. The initial state
of the system is |y)o, and N steps are taken by applying the
unitary operator N times,

v = U [¥)o. o)

For the purpose of discussion in this paper, we choose |)o =
|0, 0) and two possible matrices C, in the space H,, that satisfy
the physical properties of a coin flip. This allows us to present
a minimum working example that exhibits the paradoxical
outcomes. The matrices are

L1 1 1 [—-1 —i
ER L] B A

It is easy to check that both coin-flip transformations are
fair when applied to an initial state. Consider the coin-
flip transformation provided by the Hadamard operator Cy
from Eq. (6).

1| 20)+1|0 1)+1|00) 1|2 1)
9 2 b 2 9 2 b 9

2
Lo - o+ ——p3 1
V2 W2 27277

1 1 1 1 1
—-2,1)—-10,0) + —10, 1 —-12,0)——12,1) = —14,1). (7
1) = 710,00+ 210, 1) + 712, 0) = 212, 1) = 214, D). (D)

(

-2)=3,Px=0)=4, Px=2)=4, and P(x =4) = .
The quantum coin toss has a net negative bias, and the mean
position after four steps is {(x)p = —0.111. Here, the subscript
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FIG. 1. Probability distribution of a quantum coin toss after m =
100 steps, with (x)p ~ —0.14416.

QO denotes the expected position in the quantum regime. The
negative bias can be further shown by taking more steps. After
m = 100 steps, the probability at each possible position can
be computationally calculated. The probability distribution is
plotted in Fig. 1, and the same result can be shown to exist
for both matrices in Eq. (6). This is a known phenomenon,
and more information can be found in Ref. [45]. This subject
has attracted immense interest due to the unpredictable result
when both C4 and Cp are used in a random and sequential
periodic tossing.

II. PARADOXICAL QUANTUM WALK AND DISCUSSION
A. The paradoxes

In this section, we consider the paradoxical outcome of
tossing two fair quantum coins given by C4 and Cg in Eq. (6).
Figure 2 shows the expected position (x)o after m = 100
steps. The main results can be summarized as follows:

(1) The successive tossing of a single fair quantum coin
gives a biased result.

(2) The random tossing of two quantum coins, each with
successive biased expectations, gives an average random walk
position of approximately zero.

(3) The sequential periodic tossing of two quantum coins,
each with successive negative biased expectations, gives an
average random walk with positive expectation. For sequential
periodic tossing, we use the notation [p1, ..., p,],, where the
coin-tossing sequences is

length r
Ci...Ci..C;...C
——— ——

P times pn times

for i, j €{A, B}, satisfying > ;_, px =r. For example,
[1,2,1,1]s represents a sequential periodic tossing of
CaCpCpCACp or CpCaCsCpC4. In the case where both C’s
are fair, there is no need to distinguish between these two
sequential periodic tossings for each representation.
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FIG. 2. Expected position when tossing two quantum coins
Cs and Cp individually ({x)p ~ —0.14416), randomly ({(x)p ~
—0.00055), and in a periodic sequence ({x)o & 0.00190) for m =
100 steps, averaged over N = 10° games.

All sequences of up to length 6 were numerically verified
for positive expectation position after m = 100 steps. There
are no sequences of length 6, satisfying the property; however,
there exist two sequences of length 5 with positive expectation
position after m = 100 steps. The sequences are [1,2, 1, 1]s
and [1, 1,2, 1]s.

B. Resolution to the three paradoxes

The resolution to the first paradox is a known result and
included here for completeness. The paradox appears because
of the underlying dynamics of quantum systems which can be
attributed to the Copenhagen interpretation of a quantum state.
In particular, (1) for superposition, a quantum qubit does not
exist in distinct states but in all of its possible states at once,
and (2) for collapse of the wave function, the wave function is
a complete description of a quantum qubit. A measurement of
the qubit causes the collapse of the wave function.

We give a few words of caution here. The superposition
principle causes certain states to be amplified and others
to destructively interfere, leading to these states being in-
accessible. Consider the example in Sec. IB, in step 2 of
Eq. (7): the wave function contains four possible states but
only three possible outcomes (—2, 0, 2). A measurement of
these four states collapses this wave function into one of
the three possible outcomes With the following probabilities:
Px=-2)= P(x =0)=3,and P(x =2) = 5. Doing )
destroys the quantum mechamcal information associated with
the coin bit. Now, in one of these distinct states, if we were to
toss the same quantum coin for each of the states, we would
obtain

SCal51-2.0] 5 Pa=-3)=5 Pua=-D=g
SQ[WIH:Paz—Uzg Px=1)=1
SCA[310,0)] = Pe=-1) =1, Px=1=4

SCy[-312. )] = Px=1 =4, Px=3)=4.
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FIG. 3. The average capital (C) obtained by using the switch-
ing mechanism given by the quantum coin protocol with random
switching (m = 100, N = 10%) and a fair classical coin (N = 10°),
performed on a capital-dependent Parrondo’s game described in
[47]. N simulations were performed and averaged over for n = 100
such games. The quantum case exhibits fluctuations because it is
averaged over a smaller number of simulations due to the increased
complexity.

Once the state of |n,s) is measured after two tosses, a
third toss gives the expected fair coin-toss result, where the
probabilities of being in positions n — 1 and n+ 1 are %
Adding up the probabilities of each possible position, we
have P(x = —=3) = ¢, Pbe=—1)=3, Pb=—1)= 3, and
P(x=3) =y,
Table L.

However, if the state is not measured after two tosses, it
remains in a superposition of four possible states. A third toss
leads to state | — 1, 0) being amplified, while state |1, 1) de-
structively interferes, resulting in the state being inaccessible
as in Eq. (7). This gives the quantum coin toss, after three
steps, a negative bias. The quantum protocol is inherently fair,
provided an observation is made after each step.

Furthermore, Fig. 2 predicts that the random tossing of
two quantum coins, each with successive biased expectations,
gives an average random walk position of approximately zero.
The simulation results suggest that the random tossing of two
quantum coins is analogous to the tossing of a single fair clas-
sical coin. This can be verified by using the probability density
function of both the classical fair coin and the random tossing
of two quantum coins for m = 100 as the decision-making
tool to perform switching between two losing Parrondo’s
games. Figure 3 predicts positive expected capitals (C) in both
cases for the capital-dependent Parrondo’s game described in
Ref. [1]. To obtain Fig. 3, we take the averaged capital of
N = 10? simulations for the quantum coins and N = 10° for
the classical coin. An increase in the average capital (C) over
N simulations suggests a winning outcome. More importantly,
the random tossing of two quantum coins can improve on the
capital of the capital-dependent Parrondo’s game.

The paradoxes can be resolved by considering the super-
position principle in quantum states. The individual states
and their amplitudes can be calculated at each step; such
calculations will reveal the underlying dynamics that leads to

which is identical to the classical result from

0.08
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FIG. 4. The result obtained by sequential tossing of coins
(1,2,1,11s,12, 1, 1,115, [1, 1, 1, 1, 115, [1, 1, 1, 2]5, and [1, 1, 2, 1]s
for m = 100 steps. The expectation values are in Table II.

the amplification and annihilation of individual states and a
resolution of the paradoxical results.

C. Discussion

There are further observations that can be made by follow-
ing this quantum coin-toss protocol. Consider the transforma-
tions given by Eq. (6) and

c 1 1 1—i g
C_ﬁ[1+i —1}' ®
All three C have eigenvalues 1. Since the transformations
have distinct eigenvalues and all three have similar eigen-
values, this implies that these matrices perform the same
transformation, in our case, the coin-flip transformation. It is
worth noting that while C4 and Cg are fair quantum coins, C¢
is a biased coin.

Let us now examine the result of tossing two fair
quantum coins. Consider a transient coin-toss sequence
-+ CACpCBCACECACECECy - - - . One would expect that the se-
quences [1,2,1,1]s, [2,1, 1, 1]s, [1, 1, 1,1, 1], [1, 1, 1, 2]s,
and [1, 1, 2, 1]5 for quantum coins C4 and Cg would give the
same expected position as they represent the same transient
choice of coin toss. However, since [Cy, Cg] # 0, the sequen-
tial periodic tossing gives different results (see Fig. 4 and
Table II), differing from the dynamics of the classical case.

TABLE II. Expected position for sequential tossing of coins
[1,2,1,1]5,[2,1,1,11s, [1, 1,1, 1, 1]s, [1, 1, 1, 2]5s,and [1, 1, 2, 1]5
for m = 100 steps.

Sequence (x)o Sequence ()0
[1,1,1,2]s —0.03052 [1,2,1,1]s 0.001900
[2,1,1,1]s —0.03008 [1,1,2,1]s 0.001028
[1,1,1,1,1]s —0.03273
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Additionally another important result comes from the in-
variance under switching of fair coins if they are tossed along-
side another fair coin. In games where both quantum coins are
fair, there is no need to distinguish which quantum coin is
chosen first. That is, for the periodic tossing [1, 2, 1, 1]s, both
CaCpCpC4Cp and CpCaCsCpC4 give the same expected position
after m tosses. The reason is because both fair quantum coins
are representative of the same Hilbert space, but in different
bases. The order in which the coins are tossed simply rewrites
the basis of one coin into another for the same Hilbert space.
The bases of the coin-flip transformations C4 and Cp are

(OO (D0

respectively. Consider the coordinates represented by C4 and

CB7
1 1
[allf(?), [az]A:(ﬁ.). o)
7 v
_ 1 i
[ﬁl]B=< ﬁ) [éz]B=<?>, (10)
7 7
satisfying

0l = [al;, (11)

where [sz]l(f ) are the coordinates in basis B; represented in
basis B;. Q; is the change in the basis matrix, i, j € {A, B}, k €
{1, 2}. The change in basis matrix Q; is a composition of basis
B;. The coordinates in the basis of one can be represented as
a superposition of the basis of another:

[@11y" = L (—[@i1a — ilasla),
(@213 = L (il + [21a),
@1y = L(la1s + [@1s),
(@19 = Y((@s — [a1p).

The coefficients of the transformation are simply the scaled
entries of Q; (i.e., scaled by 0.5). This implies that the quan-
tum superposition of states under the coin-flip transformation
C; is a linear combination of the coordinates of C;. Thus, when
the coin C; is chosen, the information prior to the toss of that
coin is preserved and simply represented in a different basis.

On the contrary, the same cannot be said for games played
using a fair quantum coin and a biased quantum coin. In
general, the periodic tossings have different (x)p, and one
coin cannot be switched for the other. For example, refer-
ring to Fig. 5, CACcCcCuCc and CcCyCuCcCy have <X)Q ~
—0.03864 and (x)p &~ —0.03352, respectively, after m = 100
steps. Thus, the sequence [1, 2, 1, 1]s must be distinguished.
Furthermore, simply switching C4 with Cg, both being fair
coins, does not yield the same result when played alongside
the biased coin Cc, as can clearly be seen.

The method introduced here can be used as a protocol to
computationally identify and classify quantum operations that
span the same Hilbert space for a two-level quantum system.
Furthermore, the choice of initial state is found to be important
as well to produce the paradox. For example, if the start state
were chosen to be %[HO, 0) + 10, 1)], then (x)p = 0 under

0.125
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FIG. 5. Average position in a random walk after m = 100 steps
for biased and unbiased coin sequences of the form [1,2, 1, 1]s,
using pairwise combinations of C4, Cg, and Cc.

quantum coin toss Cs. This additionally enhances the use
of this protocol in distinguishing the start states in quantum
random walk coin-toss protocols.

III. CONCLUSION

This paper introduced three paradoxical results derived
from the quantum coin-toss random walk, played in the
Parrondo’s game format Game A + Game B = Game C. Of
particular interest are the second and third paradoxes as they
follow the general form of Parrondo’s games.

These paradoxes give a glimpse of the unpredictable nature
of quantum mechanics, which, when translated into quantum
games, may display outcomes that differ from classical ex-
pectations. As the choice of the coin is not unique, the results
presented can be generalized, except for choices of C that
share the same eigenvectors discussed in this paper. While it
does appear that the choice of C is arbitrary in Eq. (6), it is
actually not so. Suppose there is a new matrix C; that has the
same eigenvectors as matrices C4 and Cp; it can be used to
replace either C4 or Cp to produce the same result. Otherwise,
the results will wildly differ, for which there are an infinite
number of possibilities to classify them all. This result can
be used as a means of distinguishing operations in quantum
computing, as well as to probe the initial qubit state.

As an outlook towards extending this work, the results
presented in this paper may open up possibilities into the
occurrence of Parrondo’s paradox to quantum systems, with
possible extensions to mixed or entangled states as the initial
state, and provide insights into the classical limit of quantum
game theory. As this is still a relatively new field of study,
we foresee that theoretical extensions of such work could
galvanize the work already done in quantum computing and
information theory. Furthermore, this work has great rele-
vance in explaining phenomena in quantum many-body sys-
tems and decoherence and could improve quantum computing
protocols.
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